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Abstract Within the framework of Lagrangian me-
chanics, the conservativeness of the hydrostatic forces
acting on a floating rigid body is proved. The repre-
sentation of the associated hydrostatic potential is ex-
plicitly worked out. The invariance of the resulting La-
grangian with respect surge, sway and yaw motions is
used in connection with the Routh procedure in or-
der to convert the original dynamical problem into a
reduced one, in three independent variables. This al-
lows to put on rational grounds the study of hydro-
static equilibrium, introducing the concept of pseudo–
stability, meant as stability with respect to the reduced
problem. The small oscillation of the system around a
pseudo–stable equilibrium configuration are discussed.
PACS 47.85.Dh · 45.20D · 45.20.Jj
1 Introduction
Hydrostatics plays a central role in many fields of ap-
plied sciences and engineering. The first contributions
go back to the celebrated studies of Archimedes, who
first formulated the basic laws of the discipline.
In spite of this long history, some theoretical aspects
still lack a rigorous mathematical setting.
This happens e.g. in the so called metacentric stabil-
ity analysis , where the evolutions originated by small
displacements of a vessel from a state of hydrostatic
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equilibrium are assumed to remain “small”, thus jus-
tifying the linearization of the exact dynamical equa-
tions. The linearized equations are then used in order
to discuss the stability of the original configuration.
The resulting conclusions are unquestionably sup-
ported by practical and experimental evidence. From
a theoretical viewpoint, however, a rigorous approach
should rather follow the inverse logical path: the stabil-
ity of the equilibrium configuration should be analysed
first, in order to motivate the replacement of the exact
equations with the linearized ones.
A powerful tool in this sense would be the validity
of a conservativeness theorem, indicating that the gen-
eralized forces associated with buoyancy are derivable
from a suitable potential . This is obviously true for rigid
bodies totally immersed in a fluid, the hydrostatic ef-
fects being in that case equivalent to a constant buoyant
force, applied to a body–fixed buoyancy center .
In the case of floating bodies, matters are compli-
cated by the fact that the submerged volume, and there-
fore also the associated dynamical effects, depend the
configuration of the system.
This brief note is devoted to an analysis of this
point. The central result is the conservativeness of the
hydrostatic forces on a floating body, as well as the rep-
resentation of the corresponding potential.
The analysis yields back the standard results con-
cerning the absence of restoring forces in the directions
of surge, sway and yaw motions, relating them to the
invariance properties of the Lagrangian of a rigid body
floating in calm water.
The consequences of this invariance are further elab-
orated, making use of a classical algorithm, known as
the Routh procedure [6]: through the latter, the original
dynamical problem is reduced to a simpler one, involv-
ing only the significant (non–cyclic) variables.
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This helps introducing a new concept, here called
pseudo–stability, which proves to be the natural one in
connection with the study of the equilibrium configu-
rations of a floating rigid body.
The small oscillations of a vessel around a pseudo–
stable equilibrium configuration are finally discussed.
Although elementary, the results may have some inter-
est in practical applications.
2 Hydrostatic potential
Let B denote a floating rigid body (“the ship”), mov-
ing under the action of weight and buoyancy forces. For
simplicity, B is assumed to possess a longitudinal sym-
metry plane Π , as it happens in the case of standard
vessels, presenting the usual port–starboard symmetry.
We denote by D the submerged part of B, by
V = vol(D) the submerged volume, by G the mass
center of B, by B the buoyancy center, by F (B) the
resultant of the hydrostatic forces, and by M (B)G the as-
sociated torque, relative to G.
All quantities, when referred to the equilibrium con-
figuration, will be marked by an asterisk: in this way,
the archimedean condition reads m = ρV ∗, with m and
ρ respectively denoting the mass of B and the mass
density of the fluid.
The intersection of B with the horizontal plane Σ
representing the free surface of the fluid, henceforth de-
noted by A, is called the waterplane; its equilibrium
counterpart A∗ , viewed as a body–fixed object, is called
the static waterplane.
For descriptive purposes, we adopt a fixed carte-
sian frame F =
{
Ω, k1, k2, k3
}
, with coordinates ξ, η, ζ ,
coordinate plane ζ = 0 coinciding with Σ and k
3
axis pointing downward. We also consider a body–fixed
cartesian frame F′ =
{
G, e
1
, e
2
, e
3
}
, with origin at the
mass center G and coordinates x1, x2, x3 chosen in such
a way as to make the plane x2 = 0 identical to the lon-
gitudinal symmetry plane Π , the plane x3 = 0 parallel
to the static waterplane A∗ and the e
3
axis pointing in
the same half–space as k
3
.
The orthogonal projection of G on A∗ is indicated
by G¯; the distance |(G¯−G)| is denoted by d. The time
derivatives of vectors in the frames F, F′ are respec-
tively denoted by
(
d
dt
)
F
and
(
d
dt
)
F′
.
The configurations of B are parameterized by the
coordinates ξ, η, ζ of G and by the Bryan Tait angles
ψ, ϑ, ϕ (yaw, pitch and roll). The relation between the
bases ki and ei is summarized into the orthogonal ma-
trix Rij := ki · ej . In particular, for later use, we recall
the expression [1,2]
k
3
= − sinϑ e
1
+ cosϑ sinϕe
2
+ cosϑ cosϕe
3
(1)
Letting Iij = IG(ei) ·ej and ωi := ω ·ei respectively
denote the components of the inertia tensor and of the
angular velocity of B in the body–fixed basis, the evo-
lution of B is determined by the Lagrange equations
d
dt
∂L′
∂q˙k
− ∂L
′
∂qk
= Q(B)k (2)
with the “partial Lagrangian”
L′ = T + U (weight) =
= 1
2
m
(
ξ˙2 + η˙2 + ζ˙2
)
+ 1
2
Iij ωi ωj + mg ζ (3)
embodying the potential of the weight force, and the
generalized forces Q(B)k expressing the buoyancy effects.
To evaluate the latter, taking the positional char-
acter of the hydrostatic forces into account, we first
consider the associated power pi(B), and then apply the
relation Q(B)k =
∂pi(B)
∂q˙k
. In detail, denoting by p the hy-
drostatic pressure and recalling the identities
vP = vG+ω∧ (P −G), div vP = 0, gradp = ρgk3
we have 1
pi(B) = −
∫
∂D
p n · vP dS = −
∫
D
div(pvP )d
3x =
= −
∫
D
gradp · vP d3x = −ρg
∫
D
k3 · vP d3x (4)
On the other hand, the identifications (P −G) = xi ei ,
vG = ξ˙ k1+ η˙ k2+ ζ˙ k3 , R3i = k3 · ei entail the identity
k
3
· vP = ζ˙ + k3 · ω ∧ ei xi = ζ˙ + k3 ·
(
dei
dt
)
F
xi =
= ζ˙ +
d
dt
(
k
3
· ei
)
xi = ζ˙ +
dR3i
dt
xi (5)
whence also
pi(B)= −ρg
∫
D
(
ζ˙ +
dR3i
dt
xi
)
d3x (6)
Q(B)k = −ρg
∫
D
(
∂ζ˙
∂q˙k
+
∂
∂q˙k
dR3i
dt
xi
)
d3x =
= −ρg
∫
D
(
∂ζ
∂qk
+
∂R3i
∂qk
xi
)
d3x (7)
Adopting the notation Q(B)ξ , Q
(B)
η , . . . , Q
(B)
ϕ in place
of the anonymous one Q(B)
1
, . . . , Q(B)
6
, a straightforward
1 Needless to say, the expression (4) is identical to pi(B) =
F (B) · v
G
+M (B)
G
· ω .
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comparison of eq. (7) with eq. (1) yields the expressions
Q(B)ξ = Q
(B)
η = Q
(B)
ψ = 0 , Q
(B)
ζ = −ρg
∫
D
d3x (8a)
Q(B)ϑ = ρg
∫
D
[
cosϑx1 + sinϑ(sinϕx2+
+ cosϕx3)
]
d3x (8b)
Q(B)ϕ = −ρg
∫
D
cosϑ(cosϕx2 − sinϕx3)d3x (8c)
A fairly more important result is expressed by the
following
Theorem 1 The hydrostatic effect is conservative.
Proof. To start with, we rephrase eq. (6) in the equiv-
alent form
pi(B)= ρg
{
− d
dt
∫
D
(
ζ +R3i xi
)
d3x +
+ ζ
d
dt
∫
D
d3x + R3i
d
dt
∫
D
xi d
3x
}
(9)
The plan is to evaluate the last two integrals in the
body–fixed frame F′, where the integrands are indepen-
dent of the configuration variables qk.
To this end we notice that, in the frame F′, the
boundary ∂D consists of a part at rest ∂D, identical to
the submerged boundary of B, and of the waterplane
A, variable in relation to the motion of B.
More specifically, denoting by E3 the group of rigid
motions in E3 and by E2 ⊂ E3 the subgroup of trans-
formations preserving the plane ζ = 0, it is readily seen
that the elements of E2 do not modify the domain D ,
and that two elements σ, τ ∈ E3 belonging to the same
coset of E2 , i.e. satisfying τ · σ−1 ∈ E2 , affect D in the
same way.
From this, denoting by vP = vG + ω ∧ (P − G)
the velocity of the points of B in the fixed frame of
reference F, and by X the speed of deformation of the
boundary ∂D in the frame F′, we conclude that X
vanishes on ∂D and is identical to −(vP ·k3) k3 (namely
to the opposite of the projection of vP in the direction
k
3
) at each point P ∈ A.
By the transport equation, recalling eq. (5), as well
as the fact that the outgoing unit normal on ∂D coin-
cides with −k
3
along A, we have then the evaluation
ζ
d
dt
∫
D
d3x + R3i
d
dt
∫
D
xi d
3x =
=
∫
A
(
ζ +R3i xi
)
vP · k3 dS =
=
∫
A
(
ζ +R3i xi
)(
ζ˙ +
d
dt
R3i xi
)
dS =
=
1
2
∫
A
d
dt
(
ζ +R3i xi
)2
dS
Finally, given any function f(qk, xi), we observe
that the two–dimensional transport equation, applied
to the integral
∫
A
f dS , entails the relation
d
dt
∫
A
f(qk(t), xi) dS =
∫
A
∂f
∂qk
q˙k dS +
∫
∂A
f✟✟
✟X · n dl
where, as above, X = −(vP ·k3) k3 denotes the velocity
of deformation of the boundary ∂A in the frame F′,
while n, here representing the outgoing unit normal to
the boundary ∂A, is a vector belonging to the plane
ζ = 0, orthogonal to k
3
.
On account of the stated results, eq. (9) may be
written in the final form
pi(B)= ρg
d
dt
{
−
∫
D
(ζ +R3i xi) d
3x+
+
1
2
∫
A
(
ζ + R3i xi
)2
dS
}
showing that the hydrostatic effect is indeed conserva-
tive, with potential
U (B) = ρg
{
−
∫
D
(ζ +R3i xi) d
3x+
+
1
2
∫
A
(
ζ + R3i xi
)2
dS
}
(10)

Remark 1 With the stated choices of the coordinates,
we have the identification
ζ +R3i xi = ζ + k3 · ei xi = k3 ·
[
(G−Ω)+ (P −G)] =
= k
3
· (P − Ω) = ζ(P ) (11)
Since, as explicitly assumed, the origin Ω of the
fixed frame of reference is placed on the free surface of
the fluid, eq. (11) implies ζ +R3i xi(P ) = 0, ∀P ∈ A.
Denoting by B the buoyancy center, eq. (10) re-
duces then to the simpler and intuitively more appeal-
ing expression
U (B) = −ρg
∫
D
(ζ +R3i xi) d
3x =
= −ρg
∫
D
ζ(P ) d3x = −ρgV ζ(B) (12)
In the case of a totally immersed body, eq. (12) is
exactly what one would expect on elementary grounds.
The interesting fact is that, as long as Ω is chosen
on the free surface of the fluid, the same expression
(12) holds for an arbitrary floating body, with B and
V depending on the configuration variables.
Of course, it must be borne in mind that, unlike
eq. (10), the representation (12) is not invariant under
vertical translations of the origin of the fixed frame.
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3 Routh procedure and pseudo-stable
equilibrium configurations
On account of Theorem 1, the dynamical behaviour of
a floating rigid body is completely described by a La-
grangian of the form
L = T + U (weight) + U (B) =
= 1
2
m
(
ξ˙2 + η˙2 + ζ˙2
)
+ 1
2
Iij ωi ωj +mg ζ + U
(B) (13)
with U (B) given by eq. (10), and the angular velocity
ω := ωiei expressed in terms of the Bryan Tait angles
by the equation (see [1,2] for details)
ω =
(
ϕ˙− ψ˙ sinϑ)e1 + (ψ˙ cosϑ sinϕ+ ϑ˙ cosϕ) e2+
+
(
ψ˙ cosϑ cosϕ − ϑ˙ sinϕ)e
3
(14)
On account of eqs. (10), (14), the variables ξ, η, ψ
are cyclic in the Lagrangian (13), thus ensuring the
conservation of the kinetic momenta
pξ = mξ˙ , pη = mη˙ , pψ = Iij ωi
∂ωj
∂ψ˙
(15)
A standard reduction technique, known as the Routh
procedure, may then be applied in order to dig out of
the Lagrange equations a subsystem of three differen-
tial equations for the determination of the unknowns
ζ(t), ϕ(t), ϑ(t). The idea is well known [6]: the conserved
momenta are adopted in place of the jet–coordinates
ξ˙, η˙, ψ˙ as independent variables in the velocity space,
the soundness of the procedure being ensured by the
solvability of eqs. (15) with respect to ξ˙, η˙, ψ˙ .
Setting qα = {ζ, ϑ, ϕ}, qA = {ξ, η, ψ}, pA = ∂L∂q˙A
and introducing the function
R(qα, qA, q˙α, pA) := L − pB q˙B, (16)
henceforth called the Routhian, the Lagrange equations
take then the form
d
dt
∂L
∂q˙A
−
✓
✓✓
∂L
∂qA
= 0 =⇒ pA = cost. (17a)
d
dt
∂R
∂q˙α
− ∂R
∂qα
= 0 (17b)
In this way, for any assignment of the (constant)
values of the conserved momenta pA , eqs. (17b) are for-
mally identical to a system of three ordinary Lagrange
equations for the unknowns ζ(t), ϑ(t), ϕ(t).
The implementation of the algorithm is entirely
straightforward: for later convenience, we summarize it
into the following
Proposition 1 Given a Lagrangian L = 1
2
aij q˙
i q˙j+U ,
denote by {qα, α = 1, . . . , r} the non cyclic variables,
by {qA, A = r + 1, . . . , n} the cyclic ones and by aˆAB
the inverse of the principal minor aAB of the matrix aij
(not to be confused with the minor aAB of the matrix
aij , inverse of aij ). Then, eq. (16) reads
R= 1
2
aαβ q˙
αq˙β− 1
2
aˆAB
(
pA − aAα q˙α
)(
pB − aBβ q˙β
)
+U
Proof. The conclusion follows at once from the equa-
tions
pA =
∂L
∂qA
= aAα q˙
α + aAB q˙
B
R = L − ∂L
∂qA
q˙A = aαβ q˙
α q˙β − aAB q˙A q˙B + U
The details are left to the reader. 
In addition to obvious computational advantages,
the Routh procedure has also interesting theoretical
implications: for example, it helps refining the classi-
fication of the equilibrium configurations, assigning a
precise geometrical meaning to the concept of pseudo–
stability. The idea is formalized by the following
Definition 1 Let B be a scleronomous system, Aˆ its
velocity space and L ∈ F(Aˆ) a Lagrangian.
As in Proposition 1, regard qα, α = 1, . . . , r as non
cyclic variables, and qA, A = r+1, . . . , n as cyclic ones.
Denote by pA the kinetic momenta
∂L
∂q˙A
, and by S0 ⊂ Aˆ
the submanifold described by the equation pA = 0.
An equilibrium configuration q∗ = (q∗1, . . . , q∗n) is
then called pseudo–stable if and only if, for any neigh-
borhood E of the point q˜∗ = (q∗1, . . . , q∗n, 0, . . . , 0) in
Aˆ there exists a neighborhood ∆ ∋ q˜∗ such that, cho-
sen arbitrary initial data
(
qi(t0), q˙
i(t0)
) ∈ ∆ ∩ S0 , the
subsequent evolution of B is contained in E .
Definition 1 is clearly equivalent to the request that
q∗ be a stable equilibrium configuration for the reduced
problem based on the Routhian (16), restricted to the
hypersurface S0 , namely on the function
R|S0 = 12
(
aαβ − aˆABaAα aBβ
)
q˙α q˙β + U :=
= 1
2
mαβ q˙
α q˙β + U (18)
There exists, therefore, a pseudo–stability criterion, for-
mally identical to the Dirichlet one.
Coming back to the study of the floating rigid body,
let us now concentrate on the equilibrium configuration
q∗ : ξ∗ = η∗ = 0, ζ∗ = d, ψ∗ = ϑ∗ = ϕ∗ = 0 2.
2 By properly choosing the origin Ω and the axes k1, k2 ,
every equilibrium configuration can always be represented in
the stated form. This reflects once again the invariance of
the algorithm under the subgroup E2 ⊂ E3 of rigid motions
preserving the plane ζ = 0.
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Taking eqs. (8 a, b, c) and the relation m = ρV ∗
into account, it is readily seen that the potential U =
mg ζ + U (B) is indeed stationary at q = q∗.
A sufficient condition for the pseudo–stability of q∗
is therefore the negative–definiteness of the Hessian


∂ 2U
∂ζ∂ζ
∂ 2U
∂ζ∂ϑ
∂ 2U
∂ζ∂ϕ
∂ 2U
∂ϑ∂ζ
∂ 2U
∂ϑ∂ϑ
∂ 2U
∂ϑ∂ϕ
∂ 2U
∂ϕ∂ζ
∂ 2U
∂ϕ∂ϑ
∂ 2U
∂ϕ∂ϕ


q∗
=


∂Qζ
∂ζ
∂Qζ
∂ϑ
∂Qζ
∂ϕ
∂Qϑ
∂ζ
∂Qϑ
∂ϑ
∂Qϑ
∂ϕ
∂Qϕ
∂ζ
∂Qϕ
∂ϑ
∂Qϕ
∂ϕ


q∗
(19)
To evaluate the latter, we refer to eq. (7) and observe
that, by an argument identical to the one employed in
the proof of Theorem 1, the transport equation entails
the relation
∂Qk
∂qr
= −ρg
{
∂ 2R3i
∂qk∂qr
∫
D
xi d
3x+
+
∫
A
(
∂ζ
∂qk
+
∂R3i
∂qk
xi
)
∂P
∂qr
· k3 dS
}
(20)
On the other hand, by eq. (5) we have
∂P
∂qr
· k3 =
∂vP
∂q˙r
· k3 =
=
∂
∂q˙r
(
ζ˙ +
dR3j
dt
xj
)
=
∂ζ
∂qr
+
∂R3j
∂qr
xj
whence, substituting into eq. (20)
∂Qk
∂qr
= −ρg
[∫
D
∂ 2R3i
∂qk∂qr
xi d
3x+
+
∫
A
(
∂ζ
∂qk
+
∂R3i
∂qk
xi
)(
∂ζ
∂qr
+
∂R3j
∂qr
xj
)
dS
]
(21)
The rest is now straightforward. To state the result
in compact form, in addition to the static waterplane
A∗ and to the projection G¯ of the mass center G on
A∗ , we introduce the following attributes:
• the area AWP of A∗;
• the floating center C , defined by the equation
(C − G¯) = 1
AWP
∫
A∗
(P − G¯) dS (22)
• the symmetric tensor
S =
∫
A∗
(P − G¯)⊗ (P − G¯) dS (23)
expressing a sort of “second moment” of the region A∗
with respect to G¯.
In body–fixed coordinates, setting S = Sij ej ⊗ ej ,
(C−G¯) = xC e1+yC e2 , we have the explicit expressions
xC =
1
AWP
∫
A∗
x1 dS, yC =
1
AWP
∫
A∗
x2 dS (24a)
Sij =
∫
A∗
xi xj dS, i, j = 1, 2 ; Si3 = S3i = 0 (24b)
In particular, when the plane x2 = 0 is a symmetry
plane for the body B, in addition to the vanishing of
the components I21 , I23 of the inertia tensor we have
the obvious simplifications yC = 0, S12 = 0.
After these preliminaries, let us now complete the
evaluation of the right–hand side of eq. (19).
To this end we observe that, in the configuration q∗,
eq. (1) entails the relations
∂R3i
∂ζ
∣∣∣∣
q∗
xi = 0,
∂R3i
∂ϑ
∣∣∣∣
q∗
xi = −x1 , ∂R3i
∂ϕ
∣∣∣∣
q∗
xi = x2
∂ 2R3i
∂ϑ2
∣∣∣∣
q∗
xi =
∂ 2R3i
∂ϕ2
∣∣∣∣
q∗
xi = −x3 , ∂
2R3i
∂ϑ∂ϕ
∣∣∣∣
q∗
xi = 0
∂ 2R3i
∂ζ∂qk
∣∣∣∣
q∗
xi = 0
From these, denoting by H the Hessian (19) and by
z∗B = (B
∗ − G) · e
3
= 1
V ∗
∫
D
x3 d
3x the third coordi-
nate of the buoyancy center at equilibrium, we get the
expression
H = ρg


−AWP AWP xC 0
AWP xC V
∗z∗B − S11 0
0 0 V ∗z∗B − S22

 (25)
In particular, due to the positivity of ρ, g, AWP , the
negative–definiteness of the matrix (25) is equivalent to
the pair of conditions
S22 − V ∗z∗B > 0 , S11 − V ∗z∗B > AWP x2C (26)
Let us finally recall that, in marine engineering, it is
customary to introduce the transverse and longitudinal
metacentric heights, respectively defined as
GMT :=
S22
V ∗
− z∗B , GML :=
S11
V ∗
− z∗B (27)
with the understanding that, if the origin of the body–
fixed frame is not located at the mass center G, the
quantity z∗B is replaced by the projection (B
∗−G) ·e
3
.
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With these definitions, denoting by ∆ := mg =
ρgV ∗ the displacement of B, eq. (25) reads
H =


−ρgAWP ρgAWP xC 0
ρgAWP xC −∆GML 0
0 0 −∆GMT

 (28)
while the conditions (26) for the pseudo–stability of the
configuration q∗ acquire the standard form [2]
GMT > 0 , ∆GML > ρgAWP x
2
C
(29)
4 Small oscillations about the equilibrium
configuration
Consistently with Definition 1, the small oscillations
of a scleronomous system B around a pseudo–stable
equilibrium configuration q∗ are defined as evolutions
in which all conserved kinetic momenta pA are zero
and all deviations ηα(t) = qα(t) − q∗α, η˙α(t) = q˙α(t)
are small, thus justifying the replacement of the exact
equations of motion with corresponding linearized ones.
The algorithm is entirely standard: the function (18)
is developed up to second order in the deviations, yield-
ing a corresponding approximate Routhian
R˜(ηα, η˙α) = 1
2
mαβ η˙
α η˙b − 1
2
cαβ η
αηb
with mαβ = mαβ(q
∗) and cαβ = −Hαβ identical to the
opposite of the Hessian (25). The linearized equations
of motion are then the Lagrange equations
d
dt
∂R˜
∂q˙α
− ∂R˜
∂qα
= 0 (30)
Due to the positive definiteness of both matrices
cαβ and mαβ , the solutions of eqs. (30) are linear com-
binations of harmonic oscillations, with frequencies
ν =
√
λ/2pi determined by the eigenvalue equation
det(cαβ − λmαβ) = 0 (31)
Starting from eq. (13) and applying the prescrip-
tions outlined in Proposition 1, a straightforward cal-
culation yields the evaluation
mαβ =


m 0 0
0 I22 0
0 0
I
11
I
33
− I 2
13
I33


Eq. (31) takes therefore the form
det


ρgAWP − λm −ρgAWP xC 0
−ρgAWPxC ∆GML − λI22 0
0 0 ∆GMT − λ
I11 I33 − I
2
13
I33

= 0
relating the frequencies of the normal modes of vibra-
tion to the geometric and material properties of the
body.
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